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ON THE UNBIASEDNESS PROPERTY OF AIC FOR
EXACT OR APPROXIMATING MULTIVARIATE ARMA MODELS

D. F. FINDLEY
U.S. Bureau of the Census, Washington, D.C.

ABSTRACT. A rigorous analysis is given of the asymptotic bias of the log
maximum Tikelihood as an estimate of the expected log Tikelihood (the
negative of the cross-entropy) of the maximum likelihood model, when an
invertible, conditional, multivariate gaussian ARMA(p,q) model, with or with-
out coefficient/innovations covariance constraints, is fit to stationary,
possibly non-gaussian observations. It is assumed that these data

either (i) arise from a model whose spectral density matrix coincides

with that of a member of the class of models being fit, or (ii) do not
conform to any ARMA model but do come from a process whose spectral den-

sity matrix can be well-approximated by invertible ARMA model spectral
density matrix functions. For the gaussian sub-case of (i), the innova-
tions covariance matrices of the models need not be parametrized separately
from the coefficients, but otherwise a separate parametrization is assumed.
The analysis shows that, for the purpose of comparing maximum likelihood
models from different model classes, Akaike's AIC is asymptotically unbiased
in case (i). In case (ii), its asymptotic bias is of the order of a number less
than unity raised to the power max{p,q} and so is negligible if max{p,q}

is not too small. These results extend and complete the somewhat heuristic
analysis given by Ogata (1980) for exact or approximating univariate auto-

regressive models.
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1. INTRODUCTION AND OVERVIEW.

Let Ly[n] denote a log likelihood function of a model from a class,
parametrized by the coordinate vector n, a member of which is to be fit to
the observations x(1),...,x(N). Using E to denote expectation with respect
to the true joint distribution of the observations (assumed continuously
differentiable), set Ey[n] = ELy[n]. If Ey'"U€ designates the expected
value (assuming it exists) of the true log likelihood function of the data,
then Ey[n] < E&rue holds unless Ly[n] coincides with the true
Tikelihood. Thus, given maximum 1likelihood estimates, %N and EN, from two
different model classes, if EN[%N] < EN[ﬁN], it seems appropriate
to prefer the model defined by N, (See Akaike (1977) and Findley (1982)
for some perspectives on this criterion.) The difficulty with this procedure
might appear to be that EN[%N] (and EN[ﬁN]) cénnot be calculated
unless the true joint density of x(1),...,x(N) is known. Akaike (1973)
proposed, however, that if LN[ﬁN] is a reasonable approximation to
the true log likelihood, then LN[%N] - dimn would be an essentially
unbiased estimate of EN[%N] adequate for such comparisons provided
N is large enough. (Here dimn denotes the dimension of 7, i.e., the
number of independent parameters estimated in the model.) Akaike's AIC[ﬁN]
is defined to be -2Ly[A'] + 2dimn, so the model with the smaller

AIC value is preferred.



The analysis of AIC's asymptotic bias properties given in Akaike (1973)
is not completely rigorous and is restricted to i.i.d. data. Because of
this restriction, it does not immediately apply to the situation of fitting
ARMA models to time series. The optimality properties of the minimum AIC
procedure established in Shibata (1980; 198la; 1981b) and Taniguchi (1980)
are more relevant than the bias properties in certain applications, but
the bias question seems basic and in need of resolution, given the
influential nature of Akaike's work on AIC (see This Week's Citation
Classic (1981)). An additional stimulus for this investigation is the
Bayesian modeling procedure proposed by Akaike (1978), in which
LN[ﬁN] - dimn is used as an estimate of the log likelihood.

In the present paper, a rigorous analysis is given of the asymptotic
bias of EN[ﬁN] - LN[ﬁN], when invertible, and possibly otherwise constrained,
stationary, gaussian, multivariate ARMA(p,q) models are fit to stationary
r-dimensional observations x(1),...,x(N), under mostly standard data and model
assumptions described by (2.I-VI) in section 2. Additional notational
conventions and some background results are also presented there.

In section 3, we outline the derivation of the formula (3.1) identifying
this bias as the negative of the trace of F=i[nPsd7{G[P>9] +
H[nPs97}, an expression involving the matrices defined in (2.16-8)
which describe the covariance matrix of the limiting gaussian distribution
of 2N, The details required to fill in this outline are given in Appendix 1.
Examples 3.1 and 3.2, which present asymptotic properties of a type of uni-

variate sample autocorrelation, help to illustrate the scope of (3.1) and



yield information about some proposed procedures for selecting multi-step-
ahead forecasting models.

It is shown in section 4 that, for the case (i) described in the
Abstract, the trace expression in (3.1) reduces to dimn + (in the non-
gaussian situation) a scale invariant term involving only the covariances
and fourth cumulants of the components of the innovations series
of the observed series x(t). Also for case (i), explicit formulas are
obtained for F[nP»d7], G[nPsd] and H[nP>A4] when p or q is 0
(i.e., moving average or autoregressive models are fit) assuming the model
parameters n are the model's coeffficients together with the on- and above-
diagonal elements of its innovations covariance matrix. These formulas
are used to verify the condition (5.1V) which is imposed in section 5
where the, perhaps more realistic, case (ii) is considered, when ARMA
models can only approximately describe the covariance structure of the
observations.

The main result of section 5, Proposition 5.3, asserts that in this
approximating situation, the asymptotic bias formulas obtained in the exact
modeling situation of section 4 are still accurate to order (§-)max{p,q}
or better. Here 8- is any positive number less than the number § used
in (2.1I) to describe the rate of decay of the coefficients of the
infinite autoregressive and innovations representations of the series x(t).
The proofs of the preliminary results required for Proposition 5.3 are de-

ferred to Appendix 2.



A less rigorous analysis of the asymptotic bias of AIC for approximating
univariate autoregressive models is given in Ogata (1980), along with several
interesting examples. After the requisite central limit theorem is
established, the derivation of the analogue of (3.1) given there does not go
beyond presenting the two Taylor expansions we describe in section 3. Thus a
seemingly needed assumption like (2.V) insuring uniform integrability is lacking,
and so are proofs of results analogous to those established in Appendix 1
of the present paper. (A similar lapse occurs in the proof of Proposition 3
of Taniguchi (1980)). Also, a condition like (5.IV) is not mentioned or
verified, and this too seems essential.

Kozin and Nakajima (1980), who offer a derivation of AIC for time-varying
AR models in case (i), do make extra assumptions to deal with the difficulty
of approximating means of quadratic forms having random coefficients. However,
they neglect to precisely analyze the error in their basic approximation,
(2-1-13), and the requisite analysis of this error and the verification of
several subsequent assertions seem to require a number of assumptions beyond
those that they have made.

The results of the present paper most directly related to the minimum
AIC model selection procedure are given in Corollaries 4.1 and 4.2 and in
Remark 5.3. Some other research related to AIC is summarized briefly in

Remark 4.2.



2. ASSUMPTIONS AND OTHER PRELIMINARIES.

Throughout this paper, x(1),...,x(N) will denote consecutive observations
from a r-dimensional stationary time series x(t) admitting a representation

of the form

x(t) = } c(me(t-m) , (c(0)=I) (2.1)

where I denotes here the rxr identity matrix and where e(t) = (el(t),...,er(t))T

(t=0,%#1,... ) is a sequence of zero mean random column r-vectors (T denotes

transpose) with the following properties:

(2.1i). For any integers t, u with t#u, e(t) and e(u) are independent.

(2.1i1). The absolute moments of order t of the coordinate series

ej(t) (1<j<r; t=0,*1,... ) are uniformly bounded,

SUPIC <y —oo<t <oo E]ej(t)|T < o (2.2).

Here t is a positive number which will be further specified in (2.VI) below

and will, in any case, he larger than 8.

(2.1i11).  The mixed moments of order four or less of the coordinate series

ej(t) (1<j<r; == <t<=) do not depend on t.



We denote the fourth-order cumulants cum(es(t), ep(t), ec(t), eq(t)) by
Kabed (1€a,b,c,d<r) or, if r=l, by kq. Our final assumption on the

e(t) series is that it has full rank,

(2.Tiv). £ = Ee(t)eT(t) is nonsingular.

Before we describe the conditions to be imposed on the coefficients
c(m) in (2.1), we introduce some notational conventions. We use subscripts

to denote coordinate entries of vectors and matrices. For a matrix K, of

order v, say, we define |K|o =maxjci,j<ylKijl. Next, let § denote

a positive number less than 1 whose value is fixed throughout this paper.

As m increases, we shall require the magnitudes |c(m)|o of the coefficient

matrices in (2.1) to decay exponentially at a rate more rapid than &M,
Tim SUPy_ e {Ic(m)lm}l/m <8
a condition which we shall find it convenient to denote by

lc(m) |, ~ OL(s=)"] (2.3),

and to describe in words by saying that |c(m)|, is of order (§-)M.
In general, it will turn out to simplify the exposition to use §- to
denote a positive number (perhaps a different number at each occurrence!)
whose only significant property is that it is less than §. (Lemma Al.l
in Appendix 1 and its proof provide a simple illustration of the utility

of this notation.)



From (2.3), it follows that the series defining the z-transform of the
coefficients, £(z) = ) 0 c(m)z™, converges uniformly in {|z|<(s-)-1}.
m=
If the determinant detC(z) has no zeros in this disk, then the coefficients

-]

of the power series expansion ) d(m)z™ of D(z) = C-1(z) will satisfy

|d(m)|e ~ 0O[(8-)™] (2.4).

We shall, in fact, assume

(2.11).  The condition (2.3) holds, and, also, detC(z) has no zeros

in {|z]<(s-)-13.

As a consequence of (2.1-I1), the series x(t) has stationary moments up
through order four and its covariance structure will closely resemble that of
a series conforming to an invertible ARMA model. With lyly denoting the
y-norm, {E|y|Y}1/Y, of a random variable y (where y>1), we note for
later reference that the assumptions (2.I-I1) imply that

t-u-1

suppcjep  Mxj(m) - 20 {c(m)e(t-m)}1y ~ O[(8-)""Y] (2.5)
m=

holds for all t>u+l.



We shall model the observations as though they coincided with N observations
y(1),...,y(N) from a stationary time series y(t) which satisfies some invertible

ARMA(p,q) model,

y(t) + aln](1)y(t-1) +...+ a[n](p)y(t-p) =

e(t) + b[nl(1)e(t-1) +...+ b[nl(a)e(t-q) (2.6),

whose r-dimensional innovations series e(t) has covariance matrix z[n].
Let A[n](z) and B[n](z) designate the respective matrix polynomials

I+ a[n](1)z +...+ a[n](p)zP and I + b[n](1)z +...+ b[nl(q)z9.

The parameterizing vector n is required to belong to a set, ETAP»Q4 , about

which we shall assume

(2.111). ETAP-Q is a compact, convex set in the s-dimensional Euclidean

coordinate space IRS having non-empty interior. The coefficients of A[n](z)

and B[n](z) and the entries of innovations covariance matrix z[n] are

continuous on ETAP>G and three times continuously differentiable in the

interior of ETAPs4. Also, for each n in ETAP»d, detz[n] is nonzero, and

the zeros of detA[n](z) and those of detB[n](z) belong to {lz|>(s-)-1}.
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This Tast assumption insures that for each n in ETAP»Q,

C[nl(z) = A-1[n](2)B[n1(z) and D[n1(z) = C-1[n](z) have power

series expansions, Enfoc[n](m)zm and Zm_od[n](m)zm, whose coefficients

are or order (6&-)M, e.g.,

suppld[n](m) [w ~ O[(6-)™ (2.7).

We now consider the log likelihood function associated with gaussian

observations y(1),...,y(N) satisfying (2.6) with the initial conditions

]

1]

1]
[en]

y(0) = y(-1) = ... = y(-p+l) (if p>0) (2.8)

H
o

e(-q+1) (if 9>0) (2.9).

n
N

e(0)

g(-1)

When this log Tikelihood function is evaluated at x(1),...,X(N), we denote

the result by Ly[n]. Thus,

N
Ly[nl = - & Tog det2ms[n] - 1 ¥ eT[n](t)s~1[n]eln](t) (2.10),
2 2 t=1

where

t-1
e[n](t) = 2 d[n](m)x(t-m)  (1<t<N) (2.11).

m=0
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To express Ly[n] explicitly as a quadratic form in the components of the
observations, we define the Nr-dimensional column vectors xN = vec(x(N),eee,x(1))
(= [xT(N) xT(N-1)...xT(1)]T) and eN[n] = vec(e[n1(N),...,eln1(1)),

and we define £=N[n] to be the NrxNr block diagonal matrix
diag(z-1[nl,...,2-1[n1). If dN[n] denotes the block upper triangular

matrix of order Nr whose (m,n)=block (m<n) is the coefficient matrix

d[nl(n-m), then, by (2.11), eN[n] = dN[nIxN, and
Lyl = - %-109 det2nzn] - %-XNTdNT[n]Z'N[n]dN[n]XN (2.12).

This is a convenient form for the calculation of Ex[n], the expected value

ELy[n] of Ly[n1 with respect to the true joint distribution of N (We use

such notation because n will frequently be made random, n , but always after the
expectation is calculated. If we wrote ELy[n], this wouldn't be clear.) If
r(m) = Ex(t)xT(t-m) (m = 0,+1,... ) and if we denote by T'N the block Toeplitz

covariance matrix whose (m,n)-block is I''[m-n]1, then, from (2.12),

Ey[nl = - %-109 det2wz[n] - %.trrNdNT[ng'N[n]dN[n] (2.13)

Here tr denotes the trace operator, and we follow the convention that matrix

products are calculated before traces.

Now we introduce the spectral density matrices f(r) = (2n)=1 c(ef})zc*(ei})
and f[n 1) = (2n)-1c[n1(eIM)z[n I n1(eTX) (-n<i<n), where *
denotes complex conjugate transpose. We recall from Hannan (1970, p. 162)

that
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n
log detx[n] =.% [ log det2=nf[n](A)dx (2.14).
T

-T
It will follow from Proposition Al.l1 of Appendix 1 that
limy-o->e  N"EN[n] = W[n] (2.15)

uniformly on ETAP»>3, where

W[ n] -.% log det2nz[n] - 1 fTt trf(A)F-1[n](A)dr

I " _ g

-rlog2n - 1 fn {trf(x)f'l[n](x)+1og detf[n](A)¥dr (2.16),

Tn ',

with the second equality coming from (2.14).
Now, Tet #N, »N, and nP>9 denote points in ETAP»9 at which maximum values are

obtained by Ly[n], Ey[n] and W[n], respectively. We shall assume

(2.IVi). For N sufficiently large, 2N is, almost surely, an interior

point of ETAP-4,

(2.1vii). nN_ig the only point of ETAP»U at which a maximum value of E,[n]

is obtained.



13

(2.1Viii). nP»9 belongs to the interior of ETAP»4 and is the only point

of ETAP»9 at which a maximum value of W[n] is obtained.

(2.1Viv). The hessian matrix {&2W/anan }[#P+4] is non-singular.

For the cases p=0 or q=0 most of interest to us (when the parameters n are
the coefficients and the innovations covariances) (2.IViv) will follow from
(4.11), (4.13-15) and (5.22) below. For the univariate situation (r=1),

a set of ARMA(p,q) models with p and q both non-zero for which (2.IViv)
appears to be satisfied is described in Example 1 of Taniguchi (1980, p. 405).

The situation regarding (2.IVii-iii), which are required by the reference
we cite for the central 1imit theorem below, is more difficult, except in the
case q=0. An especially important issue is addressed in the following Remark,
which focuses on (2.IViii), but which is largely applicable to (2.IViii),
as well. However, we mention without giving details that the bias properties
of AIC established in this paper can also be obtained in certain circumstances
in which Ey[n] and W[n] are maximized at finitely many points, all

in the interior of ETAP»9,

Remark 2.1. If nP*9 is a point Ep’q maximizing W[n], then (2.I1Viii) requires,
in particular, that there be no n # w4 in ETAP»9 such that f[n](A) coincides
with f[nP»4](A). When p>0 and ¢>0, and if no special constraints have been
imposed, this means, in the univariate case, that A[#»9](z) and

B[nP297](z) must not have common roots and that at Teast one of the final
coefficients a[nP+»9](p), b[nP»9](q) should be non-zero, to prevent the
possibility that for some n in ETAP.4, A[n](z) = (1-gz)A[+P-91(z),

and B[n](z) = (1-pz)B[nP>9](z) with B#0. Generalizations of



14

these conditions for the case r>1 are discussed in Deistler, Dunsmuir and
Hannan (1978, pp. 361-366). Hosoya and Taniguchi (1982, p. 149) show that,
if the true spectral density matrix f(A) coincides with some fLn01( ),

then W[n] will be maximized at no, so that we must have

f(A) = f[nP>9](2) if (2.IViii) holds. If x(t) is an unconstrained
ARMA(py,qq) process, then (2.IViii) will fail, therefore, if p>pgy and g>qg

(Hannan (1982) describes some pathological behavior of AIC in this case).

Remark 2.2. It follows from (2.IViii) and from the uniform convergence of (2.15)

N'is in the

that Timn__ > nN = nPs9, Thus, for N sufficiently large, n
interior of ETAP»9, and {3 EN/an}[nN] must be zero, along with {aW/ an}[nP29].

Also, in the separately parametrized case, i.e., when n = (ET,GT)T with [ n]

depending only on £ and C[n](eik) depending only on 6, it follows from
(2.1-1V) and (2.5), as in Ljung and Caines (1979), that NN 0. The
condition (2.IVi) shows that, for sufficiently large N, {aLly/ aﬂ[?y] =0

almost surely.

In the separately parametrized case just described, one can, also as in
Ljung and Caines (1979), use (2.5) to verify the central limit theorem for
Nl/z(lﬁN - nN) presented as assumption (2.V) below. This assumption is
likely to be valid more generally: For example, without assuming such a
separate parametrization, Hosoya and Taniguchi (1982) show that N1/2(fN - #P>9)
has the same limiting distribution, when ™ maximizes Whittle's like-

Tihood ((3.12) below.) We will not use the gaussian property of the

asymptotic distribution. This property is included in (2.V) because it

seems always to occur when the rest of (2.V) is satisfied.



15

(2.V). The asymptotic distribution of NL/2(nN - nN) is gaussian with

mean 0 and covariance matrix

F=1[nP>97(G[nPs4] + H[nPs9])F-1[nP»>4] (2.17),

where nP>d is as in (2.1Vii), where F[n] (= -{32W/ananT}[n])

is given by

1 fﬂ (32/ananT){trf (A)F-1[n1(1) + 1og detf[nJ](A)}dr (2.18),

T oy

where G[n] has (j,k)-entry

m

L7 ter () fafan 3 In1(0)F (1) (aF~L /an HInT (1) dA

% -
(2.19),
and where H[n] has (j.k)=-entry
LT kg TS R e™Mtarlan Tl 00c (e,
Foab,c,dsl P T 4n? o S 8
1 (" a* g idypag-l i
x[ [ ch(e™){af™ /an 3 Ind(A)C (e M)dAd g (2.20),

An2 -7

for 1 < j,k < dim (=s).
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Of course, H[n] = 0 if x(t) is gaussian.
In order to be able to calculate Timits of expected values of quadratic forms
in Nl/z(ﬁN - nN), we assume that AN - nN converges to zero rapidly enough

that, for some a > 0

dimn
One immediate consequence of (2.VIi) is that for any v > 1,

. dimn
Sume1n{1/2,(1+a)/Y} ng ||',‘1§11 - n\]}lHY < (2.21).

Also, using (2.VIi) and Theorem 4.5.2 of Chung (1968, p. 88), one can establish

the following lemma.

Lemma 2.1. 1f FN (N=1,2,..., ) is a sequence of non-stochastic matrices

tending to F[nP»q] and if (2.V) and (2.VIi) hold, then

Vimyosw  NE(RN - aMTENEN LNy =

tr F=1[nPsd7(G[nPs9] + H[nP>4]) (2.22).

Without a condition like (2.Vi), it is not possible, in general, to assert

even that NE(AN - aN)(AN - nN)T tends to the covariance matrix of the asymptotic
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distribution in (2.V). For integer values of 2a, and for the case of
approximating univariate autoregressive models, Bhansali (1981) derives
an analogue of (2.VIi) from another condition on (N - P50y,

The Taylor expansions of section 3 produce quadratic forms in Nl/z('ﬁN - nN)
with random coefficients. To deal with these, we will use several straightforward

consequences of Holder's inequality, such as the following.

Lemma 2.2. If vy >1, and p,v > 1 satisfying wl + vl =1 are given, then

for any matrix N of order dimn with (Borel measurable) entries depending

on x(1),...,x(N), we have

NG - ) TaNEY - N <
dimn
. E_l NI - n\]NHZ‘Y}L"%E - n,'fnzwlmg‘k by (2.23)

OQur final assumption augments (2.Iii):

(2.vIii).  For o as in (2.VIi) and for some g > 1,

SUPTcjcr;-w<t<o 1€5(t) I2p(14+g71) < =
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From this condition and (2.1) we get

SUP1ciar;-mctce  AXj(t)1 1y < w (2.24)

and, using the Cauchy-Schwarz inequality, also

SUp1<j’k<r;_W<E,t<m llXj(t)Xk(t)lls(1+a_1) { o (2'25).

3. OUTLINE-DERIVATION OF THE RIAS OF Ly[#N] AS AN ESTIMATOR OF EN[ANT.

In this section, we outline the proof that, for the maximum likelihood

model determined by AN and under the assumptions (2.1 - VI),
Timy_so ELENCANT - Ly[6NT} =
- trF-1[nP>97(G[nP>9] + H[nP,>47) (3.1)

holds, where F[n], G6[n] and H[n] are defined by (2.18-2n), and nN

(used below) and nP»d are characterized by (2.1Vi-ii).
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We begin with the identity
ENCANT - Ly IANT = IR - EyEYD)
+ ([T - Ly + [T - LD (3.2),
and the observation that
E{EN[n] - Ly[nND) = 0 (3.3),

since, by definition, EN[nN] = ELN[nN]. Thus (3.1) will follow if we

demonstrate that

Vimy__5e  ECENIAN] - ExIaNDY

Ty E(Ly[nN] = LyIANDY

- % tr F~1[nP>a](G[nP>9] + H[nP>9]) (3.4).

We shall establish (3.4) with the aid of the first degree Taylor polynomial
expansions of the first and third expression on the right in (3.2) around nN and N

3

respectively. We denote {aZEN/ananT}[n] by E&[n], etc..
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As Remark 2.1 explains, for sufficiently large N, the first derivative terms

are zero, so we have

EnCiNT - EyEnND = 2 (AN TEN [ 3(ANn ")

= 2 NN - AT DN AN - Ny 4
%-N(ﬁN - TN N T - NLEY N @Y - M

for some nN* on the line segment in IRS between AN and nN. Similarly,

for some nV** on this line segment,

] N**

Ly[nNT = Ly % (N - ATV 1N =Ny

= 2NGEN - YT EV N AN - )
2 NAN - nTINLLYENT - N Leg VI AN - M)

N**

+

%—N(%N - N VT - Nl N Y - N

(3.6)
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Once we have verified that

limy__s.  NLEN[nN] = -F[nP>9] (3.7),
it will follow from Lemma 2.1 that

Vimy_ 5. EONVAN - g TNLEg N (AN - o)y =

- _%_ tr F'l[npaq](G[npaq] + H[nPQq]) (3.8).

Examining (3.5-6), it is clear that (3.8) and (3.9-11) below imply (3.4).

. A _1._n _1 .n
Vimy__ 5 EMN(N - M) TN-1Eg[nV*] - 1EN[n“]}fz>

(AN - aN)y = 0 (3.9),
Timy___y., ENCN - oM Ton-1igrn*g - N'lL;\;[nN]}P

(AN - o)y = 0 (3.10),
Vimy__y. EONAN - M) Ton-ligiaMg - N'lﬁatnNJ}z?

(AN - 9Ny =0 (3.11).
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The assertions (3.7) and (3.9-11) will be established in Appendix 1.

Remark 3.1. It follows from (3.1) that LN[%N] always has an upward

bias, asymptotically, as an estimator of EN[ﬁN].

After commenting on some generalizations and variations of (3.1) in
Remarks 3.2-5 below, we shall present two examples in which (3.1) is used to

obtain properties of an autocorrelation estimate.

Remark 3.2. Using the fact that {oF/an}[nPsd] = 0, it is easy to verify
that trF-1[nP»4]G[nP>9] and trF-1[nPs4]H[P>d], and therefore also the

right hand side of (3.1), are invariant under changes of variable n—>¢ which
are twice continuously differentiable and non-singular in a neighborhood

about nP»9,

Remark 3.3. The central 1imit theorems supporting Lemma 2.1 apply to certain
non-ARMA models as well, as the references given above (2.V) describe. Also,

it will be seen in the proofs in Appendix 1 that, for establishing (3.7)

and (3.9-11), the only use made of the assumption that the coefficients d[ n]{m)
in (2.11) come from an ARMA model is to verify the decay rate condition (Al.7).
This condition, in turn, is used only to establish that the (m,n)-entries of the
matrices defining the quadratic forms appearing in LN[n] and its first-
through-third derivatives are of order o[(s-)Im=nl]. Thus this property

and (2.V - VI) imply (3.1).
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Remark 3.4. If n is so chosen that it parametrizes only the coefficients
d[n](m), and £[n] is a constant matrix, Zg, then (3.1) becomes an
expression for minus half the asymptotic bias of the positive definite
quadratic form xNTdNT[nN] zaNdN[nN]xN as an estimator of

=N
trrNaNT [N g a3 (see Example 3.2 below).

Remark 3.5. As was indicated before (2.5), Hosoya and Taniguchi (1982) have
established a very general central limit theorem for N1/2(ﬁN-nP,Q), where
nN maximizes Whittle's likelihood,

T

[N[n] = - %ﬂog det2nz[n] - N f“ trIN(A)f'l[n](A)dx (3.12),
Ay =

where InN( ) denotes the periodogram of x(1),...,x(N). Also, the optimality
investigation of AIC by Taniguchi (1980) is based on properties of quadratic forms
in NL/2(3N - nPsd). Obvious modifications of our proof of (3.1), with AN - nN

replaced by aN - nPsd, yield, in place of (3.1),
Vimy. o se ECWLANT - CyIANT =

- tr F-1[nPs97{G[nPs9] + H[nP>9]}

o0

+ ) trr(|m|) ) (n+|ml)dT[nP,QJ(n+|m|)2-1[nP,QJd[nP,QJ(n) (3.13),
n=0

m:-m



the extra term being the asymptotic mean of the expression NW[nP»97] - EN[np’q],
in contrast to (3.3). However, it would seem more natural to use iN[BN]
as an estimate of EN[HN], rather than of NW[ﬁN] (assuming that the
analogue of (2.V) can be established for nN), That is, (3.1) seems more
fundamental than (3.13).

NQur main applications of (3.1) come in sections 4 and 5, but the following

examples help to illustrate its scope.

Example 3.1. Consider the fitting to univariate observations x(1),...,x(N)
of an AR(p) model whose first p-1 coefficients are constrained to be zero,

by choosing n = (£,6) to maximize

T = - Mogzee - LB o) o T (ete) - exe-on)®
N Ty 2 ¢ .

This is a special case of a procedure approximating that used by

Gersch and Kitagawa (1982) to obtain a model for making p-step-ahead
N A A

forecasts. 6N and gN are easily calculated: 6N coincides with the

estimator of the autocorrelation at lag p, p(p), given by

N -
M) = I e (Ep)/ ) x2(), and



25

We find that 6Ps0 = p(p), this being the quantity which minimizes

fﬂ |1-6eTPA|2fF(1)dA, the variance of the p-step-ahead prediction

e;:or when 8x(t-p) is used to predict x(t). This form of predictor is optimal
when x(t) is a gaussian AR(1) process. Even in this AR(1) case, however, it follows
from (3.14) below that for the log Tikelihood, Ly[n], of this example,

LN[ﬁN] - 2 is not an asymptotically unbiased estimator of ENEﬁN] when p> 2.
Thus the term penalizing for the number of parameters estimated in the cri-
terion of Gersch and Kitagawa for selecting models for p-step-ahead

prediction (p> 2) cannot be viewed as an asymptotic bias correction.

(Shibata (1980) and Taniguchi (1980) show that, for series satisfying (2.3),
certain classes of asymptotically biased AIC-1ike criteria share the same

optimality properties as AIC.)

Evaluating both sides of minus two times (3.1) for this example, we get

pT(0) + (N-p) [ [1-rN(p)eiPA|2¢ (x )

TimNa-o>e  NE u -1
P N N 2
xc{(t) + X(t) - r X({t=
th (t) Zt=p+1( (t) (p)x(t-p))
u , K4
=4n(eP0)2 [ - e(pletPAAZ()d + —
-T o

+ 8w (r(0)ep,0)-1 f“ (p(p) - cospAr)2fZ(x)dx (3.14),
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where o2 is the innovations variance of x(t), and gPs0 = ji"|1 - o(p)eiPA|2Zf(A)dr.
It can be argued that the terms pr'(0) and Zz=1x2(t) can be simultaneously eliminated
from the left hand side of (3.14) without affecting the limit.

If f(A) = (02/2n)|1-6e1X|-2, the bias formula (3.14) yields the values

given in Table 3.1 below for the asymptotic bias of -2LN[3N] as an

estimator of -2EN[ﬁN].

Table 3.1. Values of (3.14) When x¢ is a Gaussian AR(1) Process

with Autoregressive Coefficient 6.

|elvp 1 2 3 4 5 6 7 8 9 o
0.1 4.00 4.69 4.86 4.88 4.89 4.8 4.8 4.89 4.89  4.89
0.2 4,00 5.22 5.76 5.93 5.98 6.00 6.00 6.00 6.00 6.00
0.3 4.00 5.63 6.62 7.0 7.30 7.38 7.41 7.42 7.43  7.43
0.4 4,00 5.96 7.40 8.30 8.80 9.07 9.21 9.28 9.31  9.33
0.5 4.00 6.22 8.08 9,46 10.41 11.04 11.43 11.67 11.81 12.00
0.6 4.00 6.44 8.67 10.53 12.01 13.14 14,00 14.61 15.06 16.00
0.7 4,00 6.62 9.16 11.47 13.49 15,24 16.71 17.94 18.95 22.67
0.8 4.00 6.77 9.58 12.27 14.80 17.15 19.32 21.30 23.11  36.00
0.9 4,00 6,89 9,93 12,95 15.90 18.79 21.60 24.32 26.96 76.00

The fact that the range of values of (3.14) increases with p suggests the pos-
sibility that the problem of selecting expressions for prediction with Tags

p>l increases in difficulty with increasing p.

Example 3.2. Following Remark 3.4, we set £ =1 in the log Tikelihood
function of Example 3.1 to investigate the quadratic form appearing in

Ly[nJ. For the resulting log likelihood, (3.1) yields
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Ty e ECP) [ 11 = eNp)efPR2e0dn - T (x(t) = rNp)x(tp))? )

t=p+l

= 8n(r(0))7] [ (o(p) - cospA)2F2(A)dA,

which, as (2.V) shows, is 2T(0) times the asymptotic variance of

N1/2(rN(p) - p{p)), see also Anderson (1971, p. 489).

Example 3.3. By Remark 3.2, the same bias formulas hold if 6 in the
likelihood functions of the preceding examples is replaced by its p-th

power 6P, provided either that p is odd or that p(p)>0 if p is even.

These likelihoods would arise from the fitting of a predictor of the form &x(t)
for x(t+p) (such as an AR(1) model for x(t) would produce). In this case

>0 = (o(p)}/P. (If p is even and p(p)<0, then >0 = 0 and

(2.1Viv) fails.).

4. EVALUATION OF THE ASYMPTOTIC BIAS WHEN THE CORRECT MODEL

BELONGS TO THE CLASS OF MODELS BEING FIT.
In this section we assume, in addition to (2.I-VI), that

f(A) = f[nP>97(1) (-m<agm) (4.1),
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so that the observed series x(t) is an ARMA(pg,qqg) process with pg<p and qg<q
(see Remark 2.1). When (4.1) holds, we denote the matrices F[nP»9d],

G[nP>9] and H[nP»9] of (2.17-9) by F[nP>9q], G[nP»9]

and H[nP-9].

Using the formulas {&/dn}log detf[n](A)
trf-1[n](n) {of /on}[n](r) and {&/an}f~1[n](2)
F-1[n](n) {of/ an} n1(A)F=1[n1(A) (see Dwyer (1967)), one verifies

easily that

trfln](r) (6%~ 1/ onsom i nl(2) +?
{62/6qj6nk}1og detf[n](A)

trfLm](A) (oF "L/ ong M nd (W FLI(A) (o 7L/ a3 n](R)

trf~LLn1(A) (of /ang }nd(A) £~ InI(A) (aF/ By M nl(A)

trf 1 Ln](1) (2%F/ ang om HInI(A) +?
{82/ om; o, og detf~1[n](n)
(1<j,k<dimn) (4.2).

Integrating the first equation in (4.2) over -m<A<m and setting n=nP- 9,

we obtain immediately from (2.17-8) that

F[nP>9] = G[nP->9] (4.3).
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If the fourth cumulants of e(t) vanish,

Kabed = 0 (1<a,b,c,d<r) (4.4),

as they do when x{t) is gaussian, then H[nP»4]=0, and (3.1), (3.14) and (4.3)

yield

Proposition 4.1. Suppose that (4.1) and (4.4) hold. Then for the maximum

1ikelihood model specified QX_QN, we have

11y e ELENIAND = Ly[ANT = - dim (4.5).

For the model specified px_ﬁN maximizing Whittle's likelihood (3.12),

we have

limy_ s E{NW[ANT = E0ND} =

[

- dim + ) tr r(|m]) E (n+|m|)dT(n+|m|)Z‘1d(n) (4.6).
n=0

M= =

Suppose that a gaussian ARMA(P,Q) model parametrized by ¢z is also fit to

N N are the respective

x(1),..0,x(N) by maximizing Ly[z] or [N[c], that 2 and z
maximizing parameter vectors, and that the analogues of the assumptions made for
the n-models are satisfied by the z-models, including f(A) = fzP 27,

where zPsQ maximizes Wlz]. Recall from section 1 that, for model selection,
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the sign of EN[EN] - EN[ﬁN], or, by analogous reasoning, of WEEN] - W[%N],
can be used to suggest which model to prefer. By subtracting (4.5) and (4.6)

from their analogues for the ¢-models, we obtain

Corollary 4.1. Under the above assumptions, including (4.4),

LyLENT - Ly (M) - dime - dimn} (4.7)

is an asymptotically unbiased estimator gf.EN[&N] - EN[ﬁN], and

CyEN] - CyLaN] - dimg - dimn) (4.8)

is an asymptotically unbiased estimator gf_N{W[EN] - W[N]

This corollary shows that Akaike's bias correction has the desired
asymptotic property under (4.4) even when the parameters of the model are sub-
jected to complicated constraint conditions 1ike those which arise with uniformly
sampled data from continuous autoregressions or in ARMA data combined with inde-
pendent additive observation errors. We included the ﬁN-results above
because (2.V) has not yet been verified for N1/2(?1N - oN) in this general-
constraint situation, whereas Nl/z(ﬁN - nP»9) has been shown to have the
requisite limiting distribution, as we discussed in section 2. For the remaind-
er of the paper, the parametrizations will be one's for which (2.V) has been
verified, and we will not present results for Nw[ﬁN] - EN[EN]Sthese being

obvious analogues of those we give for EN[%N] - LN[%N].



To generalize Corollary 4.1 to situations in which (4.4) fails, we require
the innovations covariance matrix to be parametrized separately from the coeffi-
cients: we specify that n = (eT,6M)T, that

fIn1(x) = cleT(eiM)z-1[TC*[0T(eiA) (4.9)
and, for simplicity's sake, also that £ be the column vector of length
r(r+l)/2 whose entries define consecutively the on- and above-diagonal

entries of £[£], according to the lexicographical ordering of the

(row, column) indices,

r -

El £2 s o e gr‘(f"l)/Z +1

€3« o o Ep(r-1)/2 +2

£fe] = I . : .
g « oo Er(r+1)/2
From (4.9) we calculate that
m

L [92/7589e T {trfnP>90f 1 [n1(1)+10g detfn](1)}] da

4'"' =T n:np’q

= Lra%/ac0eT(tra[gP+ 97 (1009 detz[€D1]
2 g=¢P>

(4.10),
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this latter expression being the Fisher information matrix for variances and
covariances of an r-variate gaussian process whose covariance matrix is
g[nP»q7,

From the Teft hand side of (4.10), it is clear that this is the matrix
of order r(r+1)/2 in the upper left corner of F[nP»d], If we denote this

(
matrix by E(l)[np’q], we obtain from McCulloch (1982) that

FryleP>91 = KT ieP>91 @ 27l eP- 91k (a.11)
where K is a full rank matrix of order r(r+1)/2xr? whose entries do not
depend on z[gP,q],

The bottom right corner of order dimn - r(r+l)/2 of F[nP»d] is

™

Froy[nP291 = L[ (320080 {trf[nP>97(A)F 1n1(2) +
(2) 47 " -w
Tog detf[n](A)}] p,q dA
N=nN
o
- _%__f (3279636 T{trf-1[nP>a7f[n](2) +
™ -T
log detf~1[nI(a dx
og de [n1( )}}nznp,q
(4.12),

where the second equality comes from integrating the first and last

expressions in (4.2). A simpler expression for E(Z)Enp’q] can be obtained
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in some important special cases. For example, suppose that x(t) is an
AR(pg) process, that an AR(p) model is being fit with p>pg, and that
6 = vec(a(l),...,a(p)). Then, with ™P[P>0] denoting the block Toeplitz
matrix whose (m,n)-block is anei(j‘k)xf[npsOJ(x)dx ( = Ex(t-k)xT(t-j)
by (4.1), but we use the first definition for later reference) (l<m,n<p),

the first integral in (4.12) is straightforward to evaluate and leads to

Fio)lnP>01 = 2 rPLoP-01 @ =710 (4.13).

Similarly, suppose x(t) is an MA(qg) process, that an MA(g) model is
fit with gxg and that 6 = vec(b(l),...,b(q)). Then, defining the inverse-

autocovariance matrix (Cleveland (1972)) at lag j-k by
T . .
rs o[22 93(3-k) = (Zn)‘zf_ne‘(k‘J)Xf‘l[nO’q](x)dx (1<j,k<q),

we obtain from the second integral in (4.12) the block matrix formula

F)in ] = ol @ 1y, L 90G-0] o (424).

Returning to our general discussion based on (4.9), we now demonstrate that

F[wP»9] and G[«P>9] are block diagonal,

. Fr1y[nP297 0 .
F[np’q] = (1) ! ~ p,q = G[‘np’q] (4.15).
0 Fro)[n™"]
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To verify this, observe that for any coordinate 6, of o, {aC/aek}[e](eil) =

I {ac/o0 3[67(m)e'™ . since cl[o](eTr) = T ) dleI(m)eT™, it is
m=1 m=

clear that for any constant matrix K(O)’ K(O)C'l[6](eik){aC/aej}[e](eiA)

has the form ) w[61(m)ei™  and hence that its integral over -w<A<m is 0.
m=1

Therefore, for any Ej and 6y,

m

[ trflnd(){ar=/eg 3 n1()FInI(1)
taf1 /30, [n1(x )dA

n

= [ teter/ee ez el o0 (e )

*

{ac/a0, e ](e )1 +
{ac/ae, 1e1(e™)z " e1c " ro1(eT ) 10 = 0,

from which (4.15) follows.

By a similar calculation, it can be demonstrated that (4.9) implies

0 0

H[nPs9] = (4.16)

where ﬁ(l)[ap’q] is the matrix of order r(r+l)/2 whose (j,k)-entry is
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1 zr

4 “a,b,c,d=1 €abed (3 71 /26 534 (6P 1071 /agy ) [P 2]

(4.17).

((4.16) is due to Hosoya and Taniguichi (1982, p. 138)). In conjunction with

(3.1), the formulas (4.15-16) lead immediately to

Proposition 4.2.  For a parametrization of the form n = (¢T,6T)T as in

(4.9), and for the maximum likelihood model specified Qx_%N, we have

HmN___)w E{EN[ﬁN] - LN[ﬂN]} =

o=l ~
-dimn - trF ()P40 (qyaP>9] (4.18)

where ﬁ(l)[np’q] ggg_ﬁ(l)[np’q] are given by (4.11) and (4.17),

respectively.

Suppose an ARMA(p,q) model, parametrized by n = (ET,BT)T as in (4.9),
and an ARMA(P,Q) model, parametrized by ¢ = (£T,w?)T with £ as before, are
fit to the same observations. Obviously, dimg¢ - dimn = dim 0w - dim 6,
the difference in the number of ARMA coefficient parameters. The analogue of
Corollary 4.1, for separately parametrized models fit to data which need not

satisfy (4.5), is, therefore,

Corollary 4.2. For two separately parametrized models specified by maximum

likelihood estimates EN and ﬁN,
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Ly[ENT - Ly [N - dime - dime} (4.19)

is an asymptotically unbiased estimator of EN[ENJ - EN[%N].

Remark 4.1. The propositions and corollaries of this section hold for

certain non-ARMA models as well, assuming (4.1) holds. See Remark 3.2.

Remark 4.2. In the context of using the statistics (4.19) in the manner
indicated above to select a univariate AR(p) model from models of orders 0
through ppaxs when the data come from a gaussian AR(p,) process with p,<ppax»
Shibata (1976) showed that as N increases indefinitely, the model selected
will have order at least py with probability 1, and order larger

than pg with non-zero probability depending on Ppax. Hannan {(1980a)
generalized Shibata's results to the case of fitted ARMA(p,q) models when
PPy, q3dg and either p = pg or g = qq. The results of

Woodroofe (1982) suggest in this case that the probability of overfitting
is never larger than 0.288 and that the expected number of overfitted
parameters will always be less than 1. (When p>py and q>qq, causing
(2.1vii) to fail, see Remark 2.1, Hannan (1980b) showed that the minimum
AIC procedure can overestimate p, and qqo with probability arbitrarily
close to 1, and also that, even in this situation, the one-step-ahead
prediction error performance of the minimum AIC model appears to be good.)
In Hannan (198Na), modifications proposed by various authors of the term
{dimw - dim8} in (4.19) are discussed which yield model selection

procedures giving consistent estimates of the model order when (4.1) holds.
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However, for some possibly more realistic situations discussed in the next
section, where it is assumed that the observations do not conform to any
ARMA (p,q) model, Shibata (1980, 198la) and Taniguchi (1980) show that the
minimum AIC procedure selects models for prediction or spectrum estimation
in an optimal way according to natural loss functions, whereas the con-
sistent procedures lead to unboundedly large loss for certain series.

Thus consistency can be an undesirable property in the context of selecting

model orders.

5. APPROXIMATING THE ASYMPTOTIC MEAN OF En[AN(p,q)] - Ly[AN(p,q)]
WHEN X(t) IS NOT AN ARMA PROCESS.

In this section, we assume that the series x(t) satisfies (2.II) but is
not an ARMA process. We also assume that (3.1) holds for all orders (p,q)
in a set S with max{p+q: (p,q)eS} = «», when the maximum likelihood
estimates'ﬁNﬁﬁN(p,q) are obtained from separable parametrizations (4.9)
and the compact parameter sets ETAP»4 have the cartesian product form
ZxoP>d (with n=(g,8), £e5,0e0P>d)., We assume the models parametrized
by eP»9 have a certain uniformity property described in (5.1) below, and a
certain comprehensive property (5.I1), as well as the properties implied by
(2.111), which is assumed to hold. Two additional assumptions, (5.I11)
and (5.IV) below, also play a role.

Working from such assumptions, we show that the matrices F[nPsd],
G[nPs9] and H[nP>d] can be well approximated, as max{p,q} increases, by

the respective matrices F[nP»>d], G[nP>d] and A[nP>9] obtained by
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replacing f(A) by f[nPs4](A) in their defining expressions. As a
consequence, the asymptotic bias formulas of section 4 will be seen to be
correct to within 0[(s-)max{p,q}] (Proposition 5.3). The most
complete results are obtained for autoregressive models and moving average
models.

Recall from section 2 that f(1) = (2n)-1c(ei})zC*(ei}) and, for
any n = (£,8) in Ex@Ps4d, that f[n](1) =
(2m)-lcle](eir)zl£1C* 6] (e1r). Our basic requirements

in this section are (5.1-I1):

(5.1).  The entries of C[61(ei}), Dl61(eiX)(=C-1[81(ei})),
(ac/20 ;3[01(e’™) and (3%c/8 500,31 [07(e?)

(1<j,k<dimeé; 6€0Psd) are uniformly bounded for (p,q) e S and -m<A<m,

(5.11). Let v be any positive integer such that (v,q)eS (resp. (p,v)eS.)

For any given r-th order matrix polynomial P(z) of degree v with P(0)=I

and such that the roots of detP(z) belong to {|z|>8=1}, there exists a

0e0Vsd (resp. 6P>V) such that C[8](efr) = P(ei})
(resp. D[B81(ef}) = P(ei})).
The condition (5.1) seems reasonable since |C(ei>‘)|°° and |D(e“)|°°
are bounded. The condition (5.11) insures that for v sufficiently large,
the v-th partial sums of C(el}) and D(ei}) are associated with candi-

date models.
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For each 6e0Psq, define

Zio) = / _ DI8Ne™)F(1D [eT(e})dr,

This is the covariance matrix of the one-step-ahead forecast error when x(t)
is forecast as though it conformed to the ARMA(p,q) model with coefficients
determined by 6. With nP>d = (£P>4,8P>9) denoting the asymptotic limit

of the maximum likelihood estimates, it is shown in Appendix 2 that the matrix

relations

zleP»q7 = I > I (5.1)

gn»a)

hold, and that 6P»9 is uniquely determined by the property

= i D,q
det Z(ep’q) ming det Z(o) (5.2).

A least squares analogue .6P+9 of 6P can be defined by

trz ep,q) < mingP»4 trifg) (5.3).

1s

If a parameter vector .8P»9 in oP>9 exists with the property that

P,q p,q a
Z(Ce ) < 2(9) for all 6e0 (5.4)
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holds (as happens when r=1, of course, and also, for r>1, when g=0 and the
entries of o are the AR-coefficients), then we have .6°>9 = ;. 0P @ = oP> 4,
because (5.4) implies the corresponding inequalities for the determinants
and traces, and 6P>9 uniquely satisfies (5.2). In general, however, we
will not know whether 629 has the property required of ;.6P*9 in (5.3),
so we shall make the assumption that a constant M exists, independent of
(p,q), such that

Ps - P,q.
(5.111). tY‘{Z(e q) %} < M tY‘{Z(] ) R

g6

The following result is established in Appendix 2.

Proposition 5.1. Under (2.II) and (5.I-III), the assertions (5.5-8) below

are valid:
tr{z[£P»9] - £} ~ O[(&-)max {2p,20}] (5.5),
) . .
[ tr{C[eP>9] - C}(eTM){C[6P>T] - CY*(eTM)dA
-7
~ 0[(5_)max{2p,2q}] (5.6),
TC -
[ tr{p[ePs>9] - D}(eiM{D[6P>d] - D}*(eiM)dr
-T
~ 0[ (6-)max{2p,2q}] (5.7),

T

J__ 1t 9] - 3 () [adh ~ o[ (s-)max{P»a}y (5.8).
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Remark 5.1. The examples constructed by Erohin (1959) show that
functions C(eik) satisfying (2.I1) exist for which the rates of conver-
gence given in (5.5-7) are the best possible. Presumably the same is true
of (5.8).

One immediate consequence of (5.8) is

Corollary 5.2. Under the above assumptions, if gPs9(e ™) ((p,q)eS) is

any family of continuous rxr matrix functions which is uniformly bounded, i.e.,

SUP_nchen; (p,q) €S 1gP>9(e™[, < = (5.9),
then
It L] - F3(1)gPsd(e N )dn ~ O (5-)max )] (5.10),
and
ff |{C[eP>91-C (e M)gP>9(e ™) {c[ P2 a]-CY* (e 17) | dn
' ~ 0[(8-)max {p,q}] (5.11).

Now we are ready to analyze F[nP»>9] - F[nP»9],
G[nP»4] - é[np’q] and H[nP-9d7 - ﬁ[np’q]. We have
F[nPsa] - F[nP>4] =
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m
LT[ (g - f P ()% /anan T P91 (0 )da
AT 1 ker T T
(5.12).

It follows from (5.1), (5.1) and (5.5) that the Hessian matrices
-1
{azfjk/ananT}[np’q](A) (1<j,k<r) satisfy (5.9). Hence, from (5.10)

and (5.12), we can conclude that

|F[nP>97 - F[nP>97|, ~ 0O[(s-)mx{P,q}] (5.13).
An analogous calculation yields

|6[nP>97 = G[nP>97|, ~ O[(s-)max{p,a}y (5.14),

and similar arguments based on (5.11) and two obvious applications of the

matrix identity AjA>-B1By = (A;-B1)(A2-B2) + By (Ap-Bp) + (A;-B1)B» lead to
[H[nP»97 - A[nPs9](_ ~ O[(s-)max{p,d}] (5.15).
To go on to an analysis of the approximation of the bias expression
trF=1[nP>d3(G[nP>d]+H[nP>4]) by trF-1[nP>a(G[nP>d]

+A[nP>97) we need a property such as

supg |FH[nP97], <= (5.16)
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(see also Remark 5.2 below). Since r[+P»9] > g, by (5.1), the formula
~-1
(4.11) shows that supg IF<1)[np’q]|c° < =, By (4.15) therefore,

(5.16) is equivalent to
~-1 D, q
(5.1V). supg 1F()[n" "1, < =

For a univariate example of an approximating autoregressive-moving
average modeling situation in which (5.IV) appears to be satisfied, see
Example 1 of Taniguchi (1980). The next proposition, whose proof is given
in Appendix 2, shows that (5.IV) is satisfied by approximating pure auto-

regressive and pure moving average models.

Proposition 5.2. The matrices ﬁ(z)[np,OJ and ﬁ(z)[nO,q]

given by (4.13-4) are such that

w1
SUP]¢p<e |F(2)[np’0]lw <= (5.17)
and
[?_1 O9q 4 5 1

Now we establish the main result of this section.
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Proposition 5.3. Suppose that (5.I-II) hold and that the models being fit

to the observed series x(t) are described by either (a), (b) or (c) below:

(a) Autoregressive models in which the 6-parameter coordi-

twice continuously differentiable transformation thereof;

(b) Moving average models satisfying (5.I1II) in which the

p-parameter coordinates are the coefficients themselves

or a one-to-one, twice continuously differentiable

transformation thereof.

(c) Autoregressive-moving average models such that (5.III-1IV)

are satisfied.

Then, with dime(p,q) denoting the dimension

of the coordinate vectors in oP»9, the asymptotic error

bounds (5.19-20) below are valid:

ltrF=1[nP>q]6[nP>9] - {r(r+1)/2 + dimo(p,q)}| ~ O[(&-)Max{p,a}]
(5.19),

|trF=1[Ps9TH[ P> 9] - trFﬁ)H(l)l ~ O[ (8-)max P> a7 (5.20),

where F(l) =-% KT{Z'lcb Z'l}K with K as in (4.11), and where the

(j,k)-entry of H(1) is given by
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I : cabed 13271 /08 51 o [P oz 0k, ) 4P U0
(5.21),

-1
with £[£tMU€I=x, so that trf(1)H(1) is independent of (p,q).
Consequently, trF-1[nP>a](G[nP>A]+H[nP»4]) - dim6(p,q) approaches

a constant value exponentially rapidly as max{p,q} increases.

Proof. By (4.3) and (4.15-6), the assertions (5.19-20) are equivalent to

the two assertions

|trF-1[nP>976[nP>d] - trF-1[nP,q]&G[nP>q]|
~ [ (s-)max{p,q}7,

and

|trF=1[nPsAJH[nP+9] - trf-1[nP>q]A[nP,q]]
~ O[(6-)max{p,q}],

These, in turn, are immediate consequences of (5.13-5) and

[F=1[aP>q7 - F-1[nPsa7|, ~ of (s-)max{p,aly (5.22),

which we shall now verify under the assumption that (5.1V) holds. We

start from the equation
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F=1{nP,q] =
{1 + F-L[nP>A1(F[nP>q] - F[nP>a1)}-1F-1[nP>q]

(5.23),

where I denotes the identity matrix of appropriate order. It follows from
(5.13) and (5.16) that |F~1[aP>9](F[aP>9] - F[nP291)|, is of order

(s-)max{p,q}, which makes it possible to justify the expansion

{1 + F-1[nP>q](F[nP>q] - FP>4])}-1 - 1 =

21 (-1)K{F-1[nP>A1(F[nP>d] - F[nP>d7)}K (5.24)

k
and to verify that the entries on the left in (5.24) are uniformly of order
(s-)max{p,q}, After right multiplication by F=1[nP»d], this Teft hand side
becomes F=1[nPsd] - F-1[nP»9], by (5.23). Since the entries of
F[ P»4d], (p,q)eS, are bounded, by (5.1) and (5.1), the assertion (5.22)
follows. Proposition (5.2) and Remark 3.2 show that (5.IV) holds in the

situations (a) and (b), as well as in (c), so the proof is complete.

Remark 5.2. Using the fact that, for any fixed positive interger m,
(p+q)M(s-)max{p,q} js of order (8-)Max{p,q}, it is easy to see that
(5.19-20) still hold in situation (c) of Proposition 5.3 when the
boundedness condition (5.IV) is replaced by one permitting growth of order

(p+q)™. In fact, if |l'-:('1)[np’q]|°° grows not faster than (1/60)max{p,q}
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with 8<64<1, then (5.19-20) continue to hold if the asserted decay rate, §- ,

is replaced by (8/64)- .

Remark 5.3. The preceding remark and Proposition (4.1) together suggest
that, in the gaussian case and under the assumptions of this section, the
asymptotic bias of LNE%N] - {r{r+l)/2 + dim8(p,q)} as an estimate of
EN[ﬁN] can quite generally be expected to decay exponentially rapidly as
max{p,q} increases and so be negligible, as Akaike proposed, for moderate
values of max{p,q} and sufficiently large N. Simi]ar]y,'based on (5.19-20)
and Corollary 4.2, Akaike's use of Ly(EV) - Ly(AN) - (dimw - dime} as a
bias~-corrected estimate of EN[gN] - EN[ﬁN] is also justified for certain

classes of non-gaussian series, if N is large enough and max{p,q} is not too small.
APPENDIX I. PROOFS OF (2.15), (3.7) and (3.9-11).
We shall have need of two lemmas.

Lemma Al.l. Suppose RN = [RN(m,n)]1<m’n<N gﬂg_SN = [SN(m,n)]1<m’n<N

are block-partitioned matrices of order Nr, for N=1,2,..., whose blocks

(of order r) satisfy

max{[RN(m,n) |, [SN(m,n) [} < Mgy (8- ImN (AL.1),
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for l<m,n<N and for some constant M(s_) which does not depend on

m,n or N. Then a similar constant ﬁ(é_) exists for which the blocks

of order r of the product matrix [TN(m,n)]1<m’n<N = RNsN satisfy

IT¥man) 1o < H 5oy (=) Im=N1 (AL.2)
for 1<m,n<N and N=1,2,... .

Proof. The meaning of (Al.1l) is that, for some 8,<8 and some M(éo),
the magnitudes of the entries of the (m,n)-blocks of RN and SN are bounded
above by M(éo)éolm'nl, for l<m,n<N and N=1,2,... . A straightforward
calculation shows that the quantities lTN(m,n)lw are therefore bounded

2 - [m-n| [m-n|
above by M (5o)|m nléo , and thus also by M(él)él for

some M(@l), if 6p<61<8. Hence (Al.2) holds.

Lemma Al.Z2. Suppose that for each n in ETAp’q,_g matrix function

e[nl(z) = [nj[nd(2)/e5k[n1(2)11<5,k<r is defined, where the

nﬁk[n](z) ggg.¢jk[n](z) are polynomials in z of degree not exceeding dg, whose

coefficients, as functions of n, are three-times continuously differentiable.

Assume that the zeros of ¢j.[n](z) belong to {zI>(s-)"1y, for all 1<j,k«<r,

so that the formula (Al.3) is valid,

o[nl(z) = §0¢[n1<m)zm (lz1<(5-)"1) (AL.3).
m:
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Then, for any differential operator,ﬁ}ﬂ, in the coordinates of n having

order J, 0<J<3, the entries of the matrices &J¢[n](m) (m=0,1,... ) are

such that

sup, |87e[n1(m) |, ~ 0L (8-)"] (A1.4)
holds.

Proof. It follows easily from the formula (see Titchmarsh (1939, p. 90))
¢[n(m) = (?_m')'1 f|z|=5_ z-Mm-1 ¢[n](z)dz that the entries in the coeffi-
cient matrices ¢[nl(m) are three times continuously differentiable and also

that

Oe[n1(z) = Boerni(m)zm (AL.5).

e~ 8

m=0

Clearly, 765, [n1(z) = BV n 5, [n1(2)/v5,[n1(2)} =

(50n1(2) 35, [n1(2), where uj [n(z) is a polynomial

in z of degree not exceeding Jdy whose coefficients are continuous functions
of n. Since each wjk[n](z) is bounded away from 0 on {|z|<(6-)'1},

it follows from the compactness of ETAP»9 that a constant M(s-) exists

such that

sup,, 137eln1(z) ] < M) (AL.5).
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The assertion (Al1.3) is an immediate consequence of (A1.5-6) and Cauchy's

inequality (Titchmarsh (1939, p. 84)).

An important consequence of Lemma Al.2 and (2.1I1) is that, in addition

to (2.7), we also have

1 IdnT(m) | ~ OL(6-)™ (AL.7)

for any differential operator faJ, in the coordinates of n, of order J not
exceeding 3. Thus, if we partition the matrix dNT[n]z-N[nJdN[n] of (2.13-4)
into N blocks of order r, denoting the (m,n)-block by {dNT[n]z-N[nJdN[nJ}(m,n),

it follows from (Al.7) and Lemma Al.l that a constant M(s_) exists such that

sup, | BN T 1z N abtnd (mum) o < My () Il

(Al1.8)

holds for all 1<m,n<N, N=1,2,... .

Now we establish the following basic result connecting En[n] of

(2.13) with W[nl of (2.16).

Proposition Al.1.  For §Y as in (AL.7), the limit




51

Timy - o osw (NN - QYN =

oo

-1/2 E trr(Im])Y (n+m]) ,99{dTIn(n+|m|)z=1[n1dn1(n)} (A1.9)
n

m=“ =

holds uniformly for n in ETAP»A,

Proof. First, aided by the trace properties trAjAy = trAsA; and trA = trAT,

we directly calculate

A}JtrrNdNT[n]Z'N[n]dN[n] =
N t-1
7Y trr(m-n) &9{dTInI(m)z-1[n1dn](n)} =
t=1 m,n=0
N-1 N-1-|m|
y o ter(Im)L ZO (N=n=|m]) B {dIn1(n+|m|)z=1[n1dn(n)}] (A1.10).
n:

m==N+1

From Parseval's formula and the same trace properties, we obtain

E%L 3 fi“ trf (A)F-1In1(x)dx =

L trr(|m]) 20 N £I{dT[n1(n+|m|)E=1 [n1d[n1(n)} (Al.11).
M=o n=
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Also, as a consequence of (Al.7), a constant M(G-) exists such that

sup, | 9 24d [n1(n+|m] )21 [nIdlnT(n)} .,
< M(s_)(s-)2”+|m| (A1.12)

holds for 0<|m|,n<=, Since minus twice Nf?dw[n] - ﬁBJEN[n] is equal
to (A1.11) minus (Al.10), the assertion of the proposition follows from (Al.12)

by a straightforward calculation.

The assertion (3.7) is an immediate consequence of (Al.9) with J=2 and

the fact (see Remark 2.2) that nN approaches nP»d as N becomes infinite.
PROOF OF (3.9)

Applying (A1.8) with J=3, we observe that a constant M exists which is
an upper bound for the magnitudes of the third derivatives of the entries of
N’lEN[n] for all n in ETAP>9 and al1 N. Therefore, an application of the

mean value theorem leads to

m " dimn
INEN DN T - N leg M1, <M ] In?*- n?l (A1.13),
j=1
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where nN* is as in (3.9). If we set aN = N'lEﬁ[nN*] - N'lEﬁ[nN], then
from (Al.13) and the triangle inequality for the norm u-n1+ -1» we get
(¢ ]
dimn

N
SUP1¢j,kedim VAjki1+a~l < M1

o N*
Jj=1

N
unj - nj 1 41 e

Since ung*_ iy et < Y = i1 (Lcgedimn), it

follows from (2.21) that

. N _
Vimyo_o>w  SUPICH, k<dimn "Ajk"1+a'1 =0 (Al.14).

Now, if we set a=l and u=l+a in (2.23), the resulting expression shows

that (3.9) is a consequence of (2.V) and (Al.l4).

PROOF OF (3.10)

The proof resembles that of (3.9) in outline, but there are differences
detail. To start, we demonstrate that, for a,B8 as in (2.VI), a
constant M, g) exists such that for all partial derivative operators

[33 of order 3, we have

supy n INTPULINTg (1 1071y < My ) (A1.15).
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The uniform boundedness of £}31og detz[n] follows from (2.I1II), so that
to demonstrate (Al.15) only the terms contributed by the quadratic form of
N‘lLNEn] need be examined. Using (Al.8), we obtain the existence of a con-

stant M(s-) such that

19 3{N-LXNTANT [ Iz =N{n JdN[n 1xN} | =

N t-1
N-L] ] Y trx(t=n)xT(t-m) §3{dTIn1(m)z-1 [n1d[nN1(n)}|
t=1 m,n=0
N t-l
<My VT T Ix(een)xT (Eem) | (82)™N (A1.16).
t=l1 m,n=0

If M(a,B) denotes the value of the left hand side of (2.25),
then hy calculating the norms Helg(144-1) of both sides of (A1.16) and
using the triangle inequality, we get
0 3NN AN 1N 10N I XM g 141
< Mgy [(8-){1-(8-)}"1T°
(8-) (a,8) ’

from which (Al1.15) follows.

Now, for each index pair (j,k) (1<j,k<dimn) and for each

N=1,2,..., the mean value theorem asserts that
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LN - NN
dim 1..3 Ne, NFH "
= 'Zl N={3 LN/Bnianjaﬂk}[ﬂ ](ni - ni) (A1.17)
1:

holds for some TN = wN(j,k) between aV** and nN, Let us set
aN = LT - NI ML 1 e take (14ah)-norms in (AL.17)
and then apply Holder's inequality to the norms of products on the right,
we find that
dimm

“A?k"1+a—1 <.21 nN‘1{33LN/an1anjank}[ﬁN]uB(1+a-l)
1:

Thus, from (Al.l5),

N dimm N N
uAjku1+a-1 < Miq,8) 12 Ini - "8(1-8)'1(1+a‘1),

50 that Timy___se HA?kH1+a—1 - 0, by (2.21). This fact, (2.VIi)

and (2.23), with y=1 and u=l+a, yield (3.10).
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PROOF OF (3.11)

We shall prove a slightly stronger result than (3.11), namely that

for some constant M and for a as in (2.VI),

INEGN = nM) Tt nNT - NLeg N3 AN - nN)
< MN-min{l/2,(1+3a)/4}

(A1.18)

holds. First Tet us describe how (Al.18) can be obtained once it has been

established that, for some constant M,
il n ~ 1/2
Supn "{LN[T]] - EN[n]}JklI4 < MN (Al .19)
holds, for 1<j,k<dimmn: Using Holder's inequality, it is easily
verified that the left hand side of (Al1.18) is bounded above by
dimn

NT Rl - alig gl - g senctogint
j’kzl L
- NNy iy (ALL20).

Next, note that, by (2.21), there is a constant M such that

aN N -min{1/2,3(1+a)/8
SUP cjcdim MMy - njlgy3 < MN7M {1/2,3(1+a)/8}

(Al.21).
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If we set M=MM, then (A1.18) follows immediately from (Al.19-21).
Thus, it only remains to verify (A1.19).

To do this, it will be convenient to denote the matrix
az/anjank{dNT[n]Z'N[n]dN[n]} by QN[n]. If QN[n] is partitioned
into blocks of order r, 0"[n] = [ON(n1(m,n)T;cn ney» then, by (AL.8),

there is a constant M(s-) such that
sup,, [0N[nl(m,n) |, < M(g_y(s-)Im=nl (A1.22)
holds, for 1<m,n<N, for all N=1,2,... . Since
{L;[n] - E&[n]}jk = XNTON[n]xN - ExNTON[n]xN, the inequality (A1.19)
is equivalent to

TV N - ExNTONEn M, < #in1/2 (A1.23).

We shall obtain (A1.23) from (A1.22) by using an approximating series x(t)

gotten by truncating the innovations representation (2.1) of x(t),

x(t) = i c(m)e(t-m) (t=1,2,... ) .

Clearly, from (2.3) and (2.Iii), if 1<v<8, then

~

SUPyciep MXi(t) = x;(t)n, ~ n[(8-)] (A1.24).
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Defining xN = vec(x(N), x(N-1)..., x(1)), we note that

sNTONI IxN = XNTQNTR IXN is equal to

(xN + XM)ToN[R 1(xN - XN).  Applying (A1.22), (A1.24) and the
Cauchy-Schwarz inequality to this last expression, it follows that, for
vy=1 or 4, uxNTQN[n]xN - QNTQN[n];NﬂY is bounded by some constant
independent of N and n. Consequently, (Al.23) can be obtained by showing

that
SUPN,n N-1/2 NTQNEn 3N - E;NTQN[n]iNu4 <w .

However, from the definition of x(1),...,x(N), we can write xNTQN[nJxN
in the form eNTQg[n]eN, where eN = vec(e(N),..., 2(1)). Further, by (2.3) and
Lemma Al.l, if Qg[n] is partitioned into blocks of order r,

Qg[n] = [Qg[n](m,n)]1<m’n<N, then the blocks satisfy

supy, le[n](m,n)l°° < ﬂ(a_)(S-)lm'”l (A1.25),
for 1<m,n<N and N=1,2,..., where M(S-) is a constant. Thus
we have finally reduced the demonstration of (Al.19) to the verification

that (Al.25) implies

supy,, N"2ELeNTQY[nTeN - EeNToi[nTeM? <o .



This involves a tedious but rather straightforward calculation based on the
independence of e(t) (t=1,2,... ) and the uniform boundedness of the eighth
moments of the components ej(t) (1<j<r) assumed in (2.liii), which we

omit for lack of space.

APPENDIX 2. DERIVATIONS OF (5.1-2),
(5.5-8) AND (5.17-8).

PROOFS OF (5.1-2)

We note that, from (2.16), it is simple to show, with the aid of the
differentiation formulas used to establish (4.2), that the equation

{oW/9g}[(£,06)]=0 implies
tle] = z(g) (A2.1).

The assertions of (5.1) follow immediately from this and from (A2.4) below.
One consequence of (A2.1) is that, for maximizing purposes, a con-
centrated version W[e] of W[n] can be obtained by substituting z(g) for

£[n] in (2.16). After simplification, this yields

- .1
Wwle] = - 3.1og det2ne2(e) (A2.2).
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Since 6P»9 uniquely satisfies W[6P2»9] = maxgp,q W[ 6], it also uniquely

satisfies

detZ(gp,q) = mingp,q detZ(g) (A2.3),

which verifies (5.2).

PROOFS OF (5.5-8)

Let L denote the lag operator, Lx(t) = x(t-1). Observe that for any
o in @?>q, {D[6](L) - D(L)}x(t) is a linear function of x(t-1), x(t-2),...
and so is uncorrelated with D(L)x(t) = e(t). Hence the covariance matrix,
Z(g)> of D[6](L)x(t) is the sum of the covariance matrices of e(t) and
{D[6](L) - D(L)Ix(t). Calculating these from the spectral density matrices,

we arrive at the following basic formula,

(o) = J DLOI(e™F(A)D*[6](e™)dn = £ +

fﬂ{D[e]-D}(ei%)f(x){D[e]-D}*(eiK)dx (A2.4).

-7

The key inequality for establishing rates of convergence is a direct

consequence of (A2.4), (5.1), (5.3) and (5.I1I):



61

w
/  tr{d[e] - D}(el2)f(r){D[6] - D}*(eiX)dA

-

> M-ltr{z[gPsq] - £}  (0e0P»q) (A2.5).

We now choose (p,q) € S with p and q Targe enough that the zeros of the de-
terminants either of the p-th and later partial sums of D(z) or, when p<q, of
the g-th and later partial sums of C(z) all lie in {|z|>8-1}, and also large
enough that these determinants are uniformly bounded away from zero on {]|z|=1}.
Then (5.11) insures either that a 8P in 6Ps9 exists such that D[6P](z)
coincides with the p-th partial sum of D(z), or that a 69 in 0P»9 exists
such that C[697(z) coincides with the g-th partial sum of C(z). This

implies, via (2.3-4), that

SUp_rercn |D[8PI(e™) - D(e})|, ~ O[(5-)P] - (A2.6),
or

Sup_reyer 1C093(e™) = c(e?)], ~ 0[(s-)9] (R2.7).

It is D[8A](efr) - D(el}), not C[ed](elr) - C(el}), about which

we need such information. However, observe that for any 9,

nrel(eir){c - crelr(eir)n(efr) = DLo](eir) - D(el})

(A2.8),
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so that (A2.7) and the uniform boundedness of the |D[eq](e“)|oo imply,

in fact, that
sup_rcycq 100097(e™2) - D(eT})], ~ 0[(8-)9] (A2.9).

If m¢ and Mg are, respectively, the smallest and largest eigenvalues

occurring in the family f(A) (-m<i<w), then
0 < mel < F(X) < Mgl (A2.10).

Using (A2.6), (A2.9), (A2.10) and (A2.5) in an obvious way, we obtain (5.5).

Note that by (A2.4) with 6=6Psd, (5.5) is equivalent to

f" tf‘{Drepsq]-D}(e'lx)f()\){D[ep’q"l_D}*(e-l)\)d)\

=T
~ 0[(s-)max{p,q}] (A2.11).
This fact, in conjunction with (A2.10), implies (5.7).

Now we turn to (5.6). Using (A2.8), we re-express the left-hand side

of (A2.11) as 1/2w% times

n
[ trd[eP>q](eir){C - C[6P>AT}(e1X)z{C - C[BP>AT}*(ei})
-1
D*[eP>A](efr)dx  (A2.12).
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The assumption (5.1) insures the existence of a positive constant M¢ with

the property that
cLeP>97(e™MC [P 9(e™™) < M1,
holds, for all -m<A<w and (p,q)eS. Hence we have

D*[eP>9](eTMD[oP5A](e1H) > Méll (A2.13)

for these A and (p,q). If my denote the smallest eigenvalue of %, then Zamyl.

Together with (A2.13), this shows that (A2.12) is greater than or equal to

T . .
My Mgl [ tr{C-C[oP>91}(e ™) {C-C[ P> 9]} (e M)dA,
-

so it is now apparent that (5.6) is implied by (A2.11).

The assertion (5.8) is a straightforward consequence of (5.5-7).
PROOFS OF (5.17-8)

To establish the assertions (5.17-8) of Proposition 5.2, we begin by

verifying
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Sup epem [FPIP2 0T 7T ], < (A2.14)
and

q i
SUP1<q<eo [Ty [n 290 ¢ (A2.15),

q

1nv 0 »97 are block-Toeplitz autocovariance

where TP[nP277 and r;

matrices whose (j,k)-blocks are, respectively,

rnPs07(j-k) = 1 f el (d-k)Acrer,07(eir)z[ep,0]

C*[oP,0T(eiM)da,

for 1<j,k<p, and

iny[n936-4) = 1 f e (k=3)2p*r0,a7(e11)z-11£0:97

-T

NLe0sq7(eTr)da

for 1<j,k<q.

Indeed, from a straightforward multivariate generalization of Theorem 2.2

of Shaman (1976), we obtain



65

(rPp-033-1 < 3 / D*[ep’01<efx)z-ltapﬁi:ji>
D[ oP>07(eiMda

and

T .
ry %9t < Lo cre0s93(e My npe0s9]
2n T g

c*[ 60,97 (e M)dn.

From these matrix inequalities it is clear that the boundedness of

ID[ep’O]Ioo and lC[eO’qJI°° (guaranteed by 5.I) and
Vimy_ye £71[EP20] = Timg ., 27i[e0>9] = 57 (A2.16)

(see (5.5)) together imply (A2.14-15).

The assertion (5.17) follows immediately from (4.13), (A2.14) and
(A2.16).

To complete the derivation of (5.18), we require some properties of

the commutator matrix of order r2

, which we denote I(r)’ If I(r) is par-
titioned into blocks of order r, the (j,k)-block is a matrix with 1 in the

k-th row and j-th column and zeros elsewhere. I(y) has the properties that
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-1
I(r) = I(r) and that, for any two matrices Aj, Ay of order r,

A1 ® Ar = I(,»)(A2® Al)I(,.), see Magnus and Neudecker (1979). If Igg;
denotes a block diagonal matrix of order r2q whose diagonal blocks coincide

with I(r)’ it is readily verified that

(20297 ® 1%, [6%91(5 k)11 5 kg

q) (g
-

< {3, 6097 @ 20 ap1().

We conclude, therefore, from (4.14) that

Ff;)[“o’q] - I%ﬁ; (% [ 1 @ 2'1[50"‘])1%,?; (A2.17),

from which

-1
)

[0 90, < 1109 [0 97y 209y,
follows immediately. Thus (5.18) is a consequence of (A2.15-16).

We remark, in passing, that the formula (A2.17) leads to a formula
for the large-sample covariance matrix of the maximum 1likelihood estimates

of the coefficients of a multivariate moving average process, expressed in
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terms of the coefficients and the innovations covariance matrix of the

associated backward moving average model, see Findley (1983).
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